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 r � 67 �M:�} r � 67 � � � : �  �0�  2 �cy2�	1�4
km} �"Y\�=p�Yz^`��km[���Y\oLkm[ � a¬p�Y\� :xp`de�\kc[\��Y\bgY�o�tckV� }Li�a�ac�(-m[�aVdgoB#mY\^][�tck�i�Y�p�k�iLkm[ km[�[`��deoL[zy N }L� a
[`dg� Y¸p�^]d�a�~mbgkml�acb�� F":���}LY�k�Y\beYz� Yzoqp�k�iLk�~m^`}�� k &���� �'��}LY��L^`k�iL}Lf�a�p�^`acoL[�w km^`� acshtxk�|�k���Y\[]� k�Yz�
p�k�iLkm[�km[���kmoqp�km[�i�a�^`YziLYcy)�
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;�R��4¤��i�Y���k"iLkR��}LY�km[ iLYzp�acbe��Y\[
%LoLkm[
i�a�dgo�p`Y\^`acshtck;o�tck�dgo�p`Y\^]Y\[`[`ac� � }Ldgp`k;o�a;i�Y\[`�z^`dgshtck iLkc[ w Y\o�Nc� YzoLkm[\y 
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S ¹Z®§º¸²]¡�¿.-�«¬­�®§¢ ¥§¨¸¿z¢¸¡�½³¼�»�®À­�¢¬Å



���������
	���
������ 	�� 
 � 	 ��
�� � 	 ��� ��� ����� 	 
�� � ��� � 	 � ��� ��� � 	 � ��� 	 ��	 �

5 estados3 estadosIsing XY

θ

Relógio Relógio
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Y��"��k"Yzoqp�Y\[R�\^]�gp�dg�\km[6��[]de[�p�Y\� ac[�ac[][`de� � Yz^]p�YzoL�\Yz� a6}L� a � Yz[`� a ���h� ��� � �L�5��
;������
.����� �.� � �L�¸y���^��
~m}L��Y\oqp`km[�^`Yzw Yz^`Yzo�p`Y\[ 0�i�de��Y\oL[]dekmo�axbedeiLaciLY�i�k []de[]p`Y\� a��Lo?AL��Y\^]k�i�YR�zkm� ��kmoLYzoqp�Y\[�iLk���ac^"!c��Yzp�^]k
iLY�km^`i�Y\� Y�[`dg� Y¸p�^]d�ac[z�L[`Yz^O#mYz�{��ac^�a�iLdg[`�\^]de��deo�ax^�ac[�iLd w Y\^`Yzoqp�Y\[��\beac[`[]Y\[P�H1 M 	 y ��a�[`Yzshtck �my � y81���ack
iLdg[`�\}"p�de^]� kc[�k bedg� d p�Y�iLk��\kco�p`�eo�}Lk i�ax[�p�Y\kc^`d�ax[�iLYV�\acbedglL^`YVoLa0^`Y\i�Yc� %��\ac^.:0�zb�ac^`a a0de��� km^�p�!co��\d�a
iLYz[]prax[ �zkmoL[`dgiLY\^`acs!��Y\[�[]kmlL^`Y��z^`dgp`de�\acbedgi�aciLYxy
UWVHXYV>X [ S#I�Q]\�S�M�Q]\	�W`
O�S�Q�

�

� � a�Y���p`Y\oL[`tck�oLaxp�}L^`acb�iLk ��k"i�Y\bek;iLY �$[`dgoL~ | k �����L���Z�/
.��� +�L����/�H1 8 � 1 5 	 iLY�� Yz[]p�aciLkm[z�)}L� a
~mYzoLY\^`acbedgfhacs\tck�iLk �����L���Z� �L��� � �M���F�:9 �4	 y�� & ac��debgp`kmoLdeacoLk |�[]de��debeac^�a 2 �cy6/?4¤�m : K)o � :qp= � r � 67 ����� � 67 � 	 r ��� 67 ��� � 67 � � K {

� :qp= � r � 67 � 	 r ��� 67 � �  2 �cy �c� 4

��� 67 �>:
�Zt �: u t � � r � 67 	+vw � 	 r � 67 K~vw � �  2 �cy � � 4

� ac[�ac[ #xac^`d : #cY\dg[#iLY�[`�Ldgo2ax[`[`}�� Yz� km[ #xacbekm^]Y\[#i�a 8���|\[]de� aV^�acdgf�i�a�}LoLdeiLaciLY

r � 67 �M:.- A	������  �� : �  �  �  4 4 4  8+K � 8 2 �cy �m� 4

r � � 67 ��iLY\oLkxpra�k2�zkm� ��beY��"k��\kco)F]}L~qaci�k6i�Y r � 67 �¸y � ��k�iLY\bgk � km[][`}Ld
�zb�ac^`ac� Yzoqp�Y�[`dg� Y¸p�^]d�a ~mbgkml�acb
&��.8 ����ac^`a��\ac��� k�Y���p`Y\^`o�k o�}LbgkLy
u'ac^`a 8 : ��^]Y\�\}�� Yz^�a¬��[`Y�k�� k�iLY\bgk�iLY��$[`dgoL~Ly
u'ac^`a0}L� #caxbekm^��V}Ld p�k ~c^�acoLi�YViLY98 o�k0� k�iLYzbek ^]Y\b$-m~mdek�k !coL~c}Lbek ��}�Y�iLY�%�o�Y�a7#xac^`d : #cY\bZiLY

[`��deo ��� : ��� �  �8 �'|���}�ac[`Y �\kmoqp��go�}�a�y��$[]p`k�� kxp�d$#xa � acde[�}L� a6YP��p�Y\o�[�tck iLYz[`[]Y\[V��k"i�Y\bekc[�kcoLiLY
�haxi�a #xac^]d :,#mYzb�iLY�[`�Ldgo ��k"i�Y�Yz[]p�ac^�acbedgoL��aci�a�o�}L� !xoL~m}Lbgk��! � �  �"� �¸y N kR�r�Lac� axiLkR��k�iLY\bgk#���
2¶^]kcp�kc^��$��b�acoLkB4¸���\km� ��Y\[]� k�& ac� dgbgp`kmoLd�axoLkRi�Y72 �my �c� 4¸��� ac[#�zkm�

r � 67 � : - A%$'&(  � &(  � �  ��� � 4 2 �cy �c� 4
� ��k�iLY\bgk=3 
�|�deoB#xac^`deacoqp�Y�w ^]Y\oqp�Y�a�p�^�axoL[]w km^]� axs!��Y\[#~mbgkml�acdg[)iLk�~m^`}�� k ��� �0�¤�

r � 67 � � - A%$*) r � 67 �  2 �cy � /B4
YRac�L^`Yz[`Yzo�p�a p�^`acoL[]deshtxk iLY�w¶ac[]YRiLk�p�dg� k�� kc[]p�Yz^`bgdgp�f¤�$!#�Lkc}LbeYz[`[ �69 � 	 y��
[�pra�Y6#mkcbe}Ls\tck �zkmoL�\Yzdgp`}�acb iLk
��k"iLYzbek�iLY��$[]deoL~�ack���k"iLYzbek+����|�^]Y\�L^]Y\[`Yzoqpraci�a�o�a %�~m}L^`a��cy2�my
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�$oqp�^]k"iL}�f\de��km[�ac~mkm^`a ��k"iLYzbekm[ iLYV[]�LdeoL[z��kmo�iLY�ac[ #xac^]d :,#mYzde[ iLYV[`��deoL[�oLtck Y\[�prtck0bgk"�\acbedgfhaciLac[�oLkm[
[`� p�dgkm[#i�a�^`Y\i�Yc� � ax[�[]de��Y\oqp�^]Y Y\[�p�Yz[\y�
 Y\oLkcp�ac��km[�a	#xac^]d :,#mYzb8iLYR[]�Ldeo2ac[][`k��\d�axi�a	0�bgde~qacs\tck�Y\oqp`^`Y
km[���kmoqp�km[ 67 Y 67 	 vw ��km^ r u � 67 �¤� � k�iLY\o�iLk�Y\[]p�a*#cax^`d :,#cY\bvac[][`}L��de^�km[ #caxbekm^]Y\[�	���km} K �cy�� � ap�^`acoL[�w km^`� acshtxk�i�Y �\acbedglL^`Y#bgk"�\acb! � 67 �
axp`}�a�[`kmlL^]Y kc[ []�LdeoL[
�L^]de��Y\dg^`kx� #"dgf\dgoL�Lkm[�[`dgp`}�aciLkc[�Yz��p�km^]oLk
iLk ��kmoqp�k 67 �
��k"i�Y\oLiLk � acoqp�Yz^ 2� � 67 �5::� 4 km}�deoB#mYz^]p`Y\^ 2� � 67 �5: K �/4 []Y\} acbedgoL��ac��Y\oqp`kC2 #cY\^%�~m}�^�a �cy � �Lac^�a�k �hax[`kVi�aRdeoB#mYz^`[�txk?4¸y
uZY\^`�zY\l�Y¸��[`Y���}LY�kR�L^`k�iL}�p`k i�ax[ #xac^`d :,#mY\dg[)iLY [`�Ldgo0ackRbekmo�~mk
iLY�}�������� ��
�I,� �,�#�#I�� �K��oLYz[]p�aV^`Y\i�Y�[`Yz^.: dgo?#xac^]d�acoqp`Y�w ^]Y\oqp�Y�a" � 67 � Ev[]Y\���L^`Y }L��o?AL��Y\^]kV��ac^ iLY
[`��deoL[	2 � � � �'y ygy 4�Y\[]p�ac^.:0dgoB#mY\^�p�dgiLkL��k ��}LY o�tck0�V}�i�a0k0�L^]k"iL}"p�kLy�()km�jde[�p�k0Yz� ��Y\oqp`Yc� ��k"i�Y¸�$[]Y
�\kcoL[]p`^`}Ldg^�k &�ac��deb p�kmoLdeacoLk#� acde[ []de���LbeYz[Z��}LY �\kmoqp`Y\oL��a deoB#xac^`d !coL�\dea#iLY)�\acbedglL^`Y
bek��haxb &���� �8}L[`acoLiLk
km[���Y\oLkm^]Y\[��hax� dgoL�Lkm[)w Yz�r��aciLkc[ o�a�^]Y\iLY E ax[a+(�h� '��;����� � 2�%�~m}L^`a��cy � 4¤yv!�Yz� kc[ ax[`[`dg� Em;:nK o : p= :

�$#

u
% �&# � r u � 67 � r � � 67 	 vw � r 3 u � 67 	 vw 	xv' � r 3�� � 67 	xv' �  2 �cy � 1�4

kmoLi�Y r 3 u � 67 �M: r u � 67 Kxvw ��:b} �my��v[]p�Y���k"i�Y\bekVw kcd deoB#mYzoqpraciLk�Y\�;�75LM ����km^��)y%K�Y\~mo�Y\^P�69 �Q	 y

�a ��Y\[]� a w km^`� a ��}�Y�Y6#ckmbe}L�g� kc[�oLa�[`Yzshtck acoqp�Y\^]dekm^�iLk�� k�iLY\bgk iLY;�$[]deoL~��\km� deoB#xac^]d !co"�

�\dea0~mbekcl�acb & ��� � �Lac^�a k ��k"iLYzbek � � �\km�:dgoB#cax^`d !xoL�\dea ~mbgkml�acb ��� �0�¤�Z��k�iLY\��km[�ac~ckm^�a0�zkmoL[]p`^`}Ldg^
}L� � k�iLY\bgk0�\kc� deoB#xac^]d !coL�zd�a�iLY��hacbgdelL^]YVbek��haxb&��� � ����ac^�a k ��k"i�Y\bek ��� }L[�axoLiLk6ac[��Lbeac��}LYzp�ac[
deoqp`^`k�iL}Lf\dgi�ac[�ac�zde� a%�"ac[ #cax^`d :,#cY\de[#i�Y�[]�Ldeo6[�txk�iLaci�ac[���km^r u � 67 ��:.- A �('() p=+*  2 �cy � 994
�\kc� r 3 u � 67 ��: r � u � 67 K vw �¤�LY�k�&�ac��deb p�kmoLdeacoLkL��Yz� aco�acbgkm~mdea �\km�12 �my � 194¤�Li�aciLk���km^m : K o : p= :

�$#

u
% �&# � r u � 67 � r � � 67 	 vw � r � u � 67 	 v'9� r � � � 67 � 4 2 �cy � M�4

N��zb�ac^]k���}�Y a��Lbeac��}LYzp�a�|�dgo?#xac^]d�acoqp`Y�w ^`Y\oqp`YRaVp`^�acoL[�w km^`� acs��"Yz[#iLY��hacbgdelL^]Y�iLk�p�de��kr u � 67 � �  � 67 � r u � 67 �, 3�� � 67 	~vw �  2 �cy ��8 4
kmoLi�Y

 � 67 �M: - A%$*) ) p=-*  2 �cy � 594
�\kc�. 3���� 67 �C:/ � � 67 �¸y�� [`[]de�6� Yz[]p�Y�| }L� ��k�iLY\bgk �\kc� dgo?#xac^]d !co��\d�a�iLYV�\acbedglL^`Y�bek��haxb&��� � �¸��}��
~m^]}L� k��zkmoqp��eo�}Lk��\kc� k�km[�YzoL�\kmoqp`^�aciLkc[ Yz� acbgp�ac[�YzoLY\^]~md�ac[zy

�
Y\^]Y\��km[��\kc� kVk��zkmoL�zY\dgp`k�iLY��Lbeac��}LYzp�a�a	F]}Li�aVoLa w km^`�V}�b�acs\tckRi�Y�p�Y\kc^`d�ax[)iLY��\ac� ��km[ iLde[]�\^`Y¤�
p�dgfhaciLac[#�\km�_deoB#xac^`d !coL�\dea iLY��haxbedel�^`Y�bgk"�\acb y
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* ZVBEDS\QDQB]FIT@Z9� PSH MyVUM<L`HKRhHKW DQT@Z ^SB0M<J@LIM<WXM<Z ^QH � H � DQWXM<D 8 LIHoM�NEB��KMy�of�T�VQB]RhFW�@LIB]RoM2^QT@Z!FIHKL`WXT@Z!^UMH
Z�VUM�DQZdf<T�VlHKL:FdPQL`kUM�FdB�U�M A ZIf<TgBEDQRhT@LWVlT@LIM<^QT@ZpM<T@Z VUM�LÎ�<WYHhFILIT@Z-BEDQB]RKB0M�BEZ2^QT P M<J@LIM<DQJ@BEM<DQTQalT@Z ��PUM<B]ZM<J@T<LdMbZdf�TXL`HhO�HKL`BE^QT<Z RKT@WYT RoM<L`JGM"!�WXM<Z`ZdM D�PUMSaUH�DUf<TYZdf�TYWXM<B]Z HKDGFdHhDQ^QB]^QT@Z2RKT@WYTYM RoM<L`JGM"!�WXM<ZIZIMO�rEZ`BERKM ; � Z`FdT�Y7M-L`HKDQT@L`W,M�NEB��KMy�of�T�H7HKN0MoY7O�HhB]FjM2T@L`^QHKW M-T@L`^QHKW DUM-H
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^QH"M<RKT4VSN0M<WYHKDGFdT / Z`PQJ@HhLIHÇ� PSH M Z S�( RKT@DSZIBEJ@M2^SHKZIRhLIH
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=<D
U4GLJ_h	bS=<D
bE=4K KVBSDJKL=P�D KLBEGJ= $ B ?Z=�= Z Dc= F H B �YF Q [ A4?ZB P HJBEKLB P HXB H Z =_H � P bEQ�A_D $ BNM :

¢ Z GJ= Z A_U�A $ =<G�NWA P H�A4DTKdA P =<D�DTBEG [ B P = [ A4KVB P HXBobS=<KV=dB \ BEK Z ?Z= P AVh$U F GXA 9�: ®MKL=<DkHXGXAVbE=<KL=� N�BEQ[H�A BEDkH�A\B \ Z A P D _ = Z BEGkH F GO%	A_HJQ [ A H = P $ B H F $ = � B \ Z GJBSDJDJ=@BEK HJBEGJKL=<D $ B Z GT= Z A4U�A $ =<GJBSD $ BU<? D = P D>B $ BoNWA P H�A_DJKVA4D�A Pg¥�[ BS? $ BPJ_G [ =4GJB : d�=MGJBSU<QZKLB F ?[HXGJA [ Q�=<?ZB H�A b A $ AdHJBEGTKV= $ AMD � GTQZB � bE=<K=LKVBSDJKL= P�D KLBEGT= $ B ?Z=�= Z DX; � KLB P =4G �YF B DJB F A P HXBSbEBSDJDJ=4G�B Z =<G Q�DJDJ= � Z =<DTD ¥�[ BE? HXG F$P bQJ a ?ZA H KVA4DbE= P DJBSU F Q P $ =dA Z GJ= \ QZKVA4G a DJB $ A DT=<? F9^A_ = B \ A_HXA A $ QZbSQZ= P A P $ = a DJB P = [ =<D HXBEGTKV=4DqDJQZDkHXBSKdA_HJQZbEA4KVB P HXB :¯ bEA $ A Z GJ= Z A_U�A $ =<G = FV[s� GkHXQ�bEBMbS=<GJGTBED Z = P $ B F KVA $ B HXBEGTKVQ P A $ A�B \ Z GTBEDTD _ =OA P A_? ¥ HJQZbEA�BVD _ =]A4DGJBSU<GXA_D $ BSR	B ��P KVA P��YF B NWA � BSK BEDTHXA bS=<GJGTBED Z = P $ � P bSQ�A : d�A h	U F GXA 9f:�� D _ = A Z GJBSDJB P HXA $ A4D BEDTHXA4DGJBSU<GXA_D Z A4GXA^= b A4DT= $ B ` A P U acb QZ?Z?�D Z F GXA P =LBED Z A ^ = $ B ¦ F bE?�Q $ BSD :¯ Pg¥�[ BE? $ BTJ4G [ =<GTB = Z GT= Z A4U<A $ =<G $ = U<? D = P�P = b A_?ZQU%mGJB $ B   A P $ A FQ� $ A $ = Z =<G
� � 53 6 ,.!m# y � �

5 �
� 3 6 � !43<! 6! ��� �! � 8 �.9�:�� ®�;

�c= P HXGTQU% F Q ^;§ BED�?Z=4U�A4G ¥ HXKLQZbEA4D $ B [ BSK DTBEG�A $ QZbSQZ= P A $ A4D H KVA4D �YF A P HX=dKdA4Q�D�A4?�HXALALB P BSGJU<QZA $ = Z GT= abEBSDJDT= KVBS? f =4G�A B \ Z GTBEDTD _ = A4bSQZKVA $ BEDTbEGJB [ BR= Z GJ= Z A4U�A $ =<G H ] J �YF B P BEDTHXA GTBEU<Q _ = =4D Z J_GTHX= P DbE=4K Z =<GTHXA4K a DJB�bE=<KL= Z A4GkH ¥ b F ?�A_Dq?ZQ [ GTBED :



���������
	���
���������
�����������
�����
�������
�� ���
−1

1

1[

]

=

=

=

=

=

−1

+ + ...

−

−

+

+

...+

+

+ + ...

����
�� �������>�! h#"%$#& J('*) " �`���+)(' h G,' h#" N " )(':G G "%$�-."/& K "10
23-40 '/576 " ) 0�h�0 5 -98 5�: " H�J('%;
(*)+(*)�( -/.10324.658789:0<;>=178.=<�=?>L5�9CB�; 5 0<;>@4@�.
A bE?ZA4GJ= �YF B>A4D`KdA4Q�=<GJBSD $ D#B Q $ A4D DJ=�%$GTB>= bE=4K*C =<GTHXA4KLB P HX= $ =�C$GJ=%C	A4U�A $ =<G $ = U4? D = P B P bE= P HJGXA4K a
DJB P AaGTBEU<Q _ = $ B %	A4QEDmA4D B P BEGTU<Q�A_D � GTBEU<Q _ = Q P N�GJA B BEGTKVBS? f A�; H Cl=<Q�D � = P $ B�=<D`NWA4KVQ�?ZQZA4GJBSD K � HX= $ =<D $ AHXBS=<GJQZA $ BFC BEGTH F GI%$A ^A_ =GC BEG $ BEK A B A4?�Q $ A $ B :�¨ B B B a DJB`B P H _ = HJB P H�A_G GJBEDT=<? B BEG1A4D ¦ ¨e� DJBSK�B
D�C	A P D _ =P A bE= P DTHXA P HXB $ BOA4bE=HCm?�A4KLB P HX= : �c=<KL= A4D ¦ ¨e� D _ = B
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2K"4:�c=<KL= QZ? F DTHXGJA ^A_ = $ A A4KN%mQZU F Q $ A $ B $ B B GJQ&%l= B Q P�B BSDTHXQ�U�A4GTBEKL=<DMA bE= P $ Q ^;_ = $ B bEA4?ZQ&%$GJB $ B�c= F ?�=<KN% ��S · �S ,}|l# y � 8 �.9�:���� ;
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KLBEDJKVA^g<GI%mQ�H�A $ B · �S C = $ B�DTBEG =�%mHJQ $ A $ A ?ZBSQ $ BnHXGJA P DkN�=<GJKVA����_= $ =<D b A4KKC =<D $ B�b A4?�QU%$GTB

· 8S ,}|l# y � �� ,	�HS���,<|l#J#���,}|l#n8 �.9�:�� ¾<;
� B^A C$?ZQ�b A4GTKV=<Dq= $ Q B BEGJU4B P HXB P =<D $ =<Q�D>?ZA $ =<D $ AdB �YF A����_=�A4bEQ�KdA BoD F Cl=<GTKV=4D �YF B �HS · 8 �S ,}|l# y � H= b A4?�QU%$GTB $ B4�c= F ?�=<KN% DJBSGLJ F KVA % =�A^bE= P $ Q	�
�4= DJB,��HS �HS���,}|l#T#���,<|l# ¼ ,	�HS���,<|l#J#E,��HS���,}|l#T# y­� �.9�:�� �4;
HXQ B BSG>DT=<? F �
�4=VA%ClB P A4D�C	A4GJA � y � H = F DJB4JJA H DTB · 8 �S ,<|l# y · �S ,<|l# y � : A N�J4bSQZ? B BEG H C =<G B
DfBEKKC$?Z= H�YF B�C	A4GXA º�
o,.-<# n ® H 9 ¾ t ��,<|l# y | S�� S

� �.9�:�� v<;
H�A_KN% � K � DJ=4? F �
�4= $ B �.9f: � �<; :¯ DTDJQZK H AMbS= P $ Q����4= $ B^b A4?�QU%$GTB BSDTH�J bS= P DJQ $ BEGJA P $ = = F HXGJA4D�bE= P h	U F GJA�� § BED�A_? � K $ AMBSDJbE=4? f Q $ AbE=4KV=OGJB�C$GJBSDJB P HXA_HXQ B A : ¯ KVA4Q�=<GJQZA $ =<DLb A4?�QU%$GTBED C	A $ BEbEBSK $ = C$GT=�%$?�BEKVA $ B B GJQ&%l= B@ª = i "%O 69:L5 0
O�"
h O�" i
6 "%$ ' nqp ® t � bS= P DTQ $ BSGXA $ = ?�Q B GJB $ BEDkH�A4D bSgHC$Q�A_DoBMHXBSK DJQ $ = F ?[HXQZKVA4KLB P HXB F HJQZ?ZQ � A $ = BEK DJQ��K F ?ZA�� § BED n�p � t : d>= bEA4?ZQ&%$GJB $ B   A P $ A F N�=<Q KV=4DTHXGJA $ = nqp ¾ t �YF B A]bE= P HXGTQU% F Q	���_= $ A4D^bSgHC$Q�A_D $ BB GJQU% = B^P A4D`DJQ�K F ?ZA�� § BED $ = C$GJ=HC$A4U�A $ =4G $ =aU<? D = PL� C B �YF B P A H $ A =<G $ BEK $ = BEGJGT=aBSDTH�A0H ¥ DkHXQ�bE= : d>=B P HXA P HX= H HJBEK %	A_DTH�A P HJB Q�K*C =<GkH �4P bSQ�A�C	A4GXA^=KC$GJ=%C	A4U�A $ =<G $ = NWA P H�A4DTKdA :¡ KVA]A4?[HXBEG P A_HJQ B A B P bE= P HJGXA $ A Cl=4G�� © A Pg� Q�U<BEG � = F DJ= $ A � 8#"%$�- 6�� " H�J(' 0R&
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A �YF A_?`bS= P DTBEU F BdA h#DmA��
�4= bS=<KKC$?ZB H�A $ BLb A4?�QU%$GTB H DJBEK A4D A4KN%mQZU F Q $ A $ BSD $ B B GTQU% = B : ��A4DJBEA $ =P BSDTHXB N�=<GTKdA4?�QZDTKV= H BEDkHXBVA F HX=4GnGJBEbSB P HXBSKVB P HXBdD F U<BSGJQ F ¦ ¨e� bS=<K F K HXBEGTKV= A $ Q�bEQ�= P A4? ��F BV?�B B ABEK bE= P H�ALA4D bEg%C$Q�A4D $ B B GJQ&%l= B n ® 9 t :(*)+(*)�� � D B�; 5 �"!>=$#GDF9
¯ H � GJBSbEB P HJBEKLB P HXB H BEDkH F $ =<D $ B ¦ ¨e� DJ=�%$GJB�=abS=<K*C =<GkH�A4KLB P HX=�Q P N�GXA B BSGJKLBE?�%$= $ = C$GT=HC	A4U�A $ =<G $ =U<? D = P BEGXA_K FmP��4P Q�KVBSD>BSK A0h	GJKVA4G �YF BaBSDTHXB $ B B BEGTQ�A $ Q B BSGJU<Q�G>bS=<K � � !  :8¡ K U<GXA P $ B BSDTH ¥ K F ?�=
C	A4GJA �YF BLBEDkHXBLbE=<KKC =<GTHXA4KVB P HX=MN�=<DTDJBLBEK U<BSGXA4?
A_bEBEQ[HX=�N�=<GXA_K =<D�D F bEBEDTDJ=<D N�B P =<KLB P =<?Zg<U4QZbE=4D P A$ BSDJbEGTQ	�
�4= $ = bE= P h P A4KLB P HJ= $ B �YF A4G�&YDcA_HXGJA B2� D $ BEDkHXBED U<? D = P D bE= P h P A P HXBSD �,0R&�' 5 "%P 69)�J('�6 $ G 5 "%P%0 5)(2 0
O � " nqput ; : � A4KN% � K = HXGJA�%	A4?�%$= $ B+*@BSDTH n��)r2rut KV=4DTHXGJA B A A�B
DfQZDkH � P bEQ�A $ B F KdA�?ZBSQ $ B�J4GJBEA�C	A_GXAA B =<?[H�A $ B,* QZ?�DJ= P bS=<KL=LbS= P DTB �YF � P bEQ�A $ B F K C$GT=HC	A4U<A $ =<GqDTQ P U F ?�A4G � � � !  ; C	A4GXA ! �.- � :

¯ KVA4QZ=4GJQ�A $ BEDkHXBED HXGXA %	A4?	%m=<D N�=4GXA4K N�BSQ�HJ=<D P = b A_?ZQU%mGJBLA/DfQ�A4? n �)r � � �)r � t = �YF A4? H C =<G P �4= DTBEGbE= B A4GTQ�A P HXB H $ QZD ClB P DXA A�Q P HXGT= $ F ���4= $ B bEA4K*C =<D NWA P HXA4DJKVA4D H NWA4bSQZ?�Q�H�A P $ =�=4D`bQJ4?Zb F ?Z=4D :0/ =�B P H�A P HJ= H
C	A4GkHXB $ AqBEDkHXG F H F GJA HJB P DT=<GJQZA4? $ =�C$GT=HC	A4U�A $ =<G $ =�U<? D = PnP �4=�BEGJAq?ZB B A $ A BSK�bE= P HXA H A4GJU F KVB P HXA P $ =1�DJB �YF B`D F A bE= P HJGJQ&% F Q	�
�4=qBEGJAqK F Q�HJ=�ClB �YF B P A ª<P �4=�Cl=4G bE=<Q P bEQ $ � P bSQ�A�BSDTH�A � AGC	A4GTHJB $ =�C$GJ=HC$A4U�A $ =4G$ = U<? D = PH�YF B�bE=<GTGJBED Cl= P $ BEGTQ�A � C$GJBSDJB P � A $ B�NWA P HXA4DJKVA4D P A $ Q P�� KLQZb A $ BEDkHXB b A4?�QU%$GTB :/ =Vb A4?�QU%$GTB $ B   A P $ A F H = P $ B B
DfQ�DTHXBSK H A QZKKCl=4GTH �_P bEQZA $ BEDkHXBED�b A4KKCl=4D�bS= P HXQ P�F = F DTB P $ =VB
D2�
C$?�QZbEQ[H�A4KLB P HJB $ BED C$GJB � A $ A P A�KdA_QZ=<GTQ�A $ =4D`bQJ4?Zb F ?Z=4D H C =<QZD
BSDTHXBSD F DJA B A_K A b3%$A4KdA $ A�A%C$GJ= DfQZKVA��
�4=$ B54 A P $ BS?ZDkH�A4K n��Ar ¾ t :6/ BSDTH�AaA%C$GJ= DfQZKVA��
�4=oA ¦ ¨�� $ =oU<? D = P h$b A H7�4=oDJQ�K*Cm?ZBED �YF A P HX= P A h	U F GXA9f: ¾ :8/ BSDTHJBnb A4?�QU%$GTB H bS=<K BSDTHXALA C$GJ= DfQZKVA����_= � DTBEK NWA P HXA4DJKVA4D�; H = C$GT=HC	A4U<A $ =<G $ =LU4? D = P H�A4KN% � K$ Q B BEGTU<Q�AobS=<K � � !  n �)r ¾�� �)r v t :
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������������������, + � # y � , + � ¼! �0, + �7#T##"�$ + � ¼&%' � , + � #( � " '	( ~ �.9�:��*) ;
= P $ B  , + � # y  + "�$�,�-�.  �/ -0 -"�$  �/ -0 - 1 '�243T( (65 �.9�: ¾87<;
F HJQZ?ZQ � A P $ = P A ¦ ¨�� $ = C$GJ=%C	A4U�A $ =<G $ =^U<? D = P =oK � HJ= $ =abE= P %mBEbEQ $ =^bE=4KV= � 6 $ ' � -M03' � $ 6W� 8 0:9 � 7 ) H��� 7<; H P A �YF A4?eHJB P H�A � DJB B
D�HJGXA4Q�Gq=VK J/DfQZKL= $ B�Q P N�=<GJKVA����_=^Q P�B A4GJQZA P HXB $ B�b A_?ZQU%mGJB $ A4DqN F$P � § BED $ BB GJBEB P�� BSDTHXA>H � b P Q�b A?C	A_GJBEbSBcDTBEG B ��F Q B A4?ZB P HXB�A_= 2 K - 'L)(' ) 0 ' "%2 ��' ) 0 G 8($ )('>= 9 ������H���� 9 ;�; : / =4HXA1� DTB�YF B C$A4GXA + � - � H �.9f: �*) ;�HXB P $ BaA F K B A4?Z=4G�h P Q�HX= ª C$A4GXA B A_?Z=<GTBED H ¥ CmQZbE=4D $ =<D?C	A_G � KLBSHJGJ=<D $ BEDkH�AB
D�C$GTBEDTD7�4= H =KC$GJ=%C	A4U�A $ =<G $ =LU<? D = P $ BEbSGJBSDJbEB KV= P =4HX= P QZbEA4KVB P HXB�bS=<K KL=<KVB P H F K bEGJBSDJbSB P HXB :¦ K DJB F A4GkHXQ�U<= DJ=�%mGJBOA4D bEg%C$Q�A4D Q P $ BSDJB4JJA $ A4D �YF BOA%C	A4GTBEbEQZA4K BEK HJBE=<GTQ�A4D $ B�? A P U ��4 QZ?Z?�D HB GJQU% = B@9 9 ¾A; HXA4KN% � K C$GJ=HCCB<D F KVAoN�=<GJKVA C	A4GJA^=*C$GT=HC	A4U<A $ =<G $ =VU<? D = P

��D#��E�FG�IH�, +AJ # y + J+  ¼LK  NM �.9�: ¾ � ;
BEDkH�A N�=<GJKVA ?ZB B A bS?�A4GJA4KVB P HXB A F K C$GT=HC	A4U<A $ =<GPO F BLDJB "%$�8�O�" BEK KL=<KLB P H F K PYF ?Z=�B�O F B P �4=
C =<DJD F Q�C g<?Z=<DcGJB A_QZD :U� HXQ P U<? 9 ���RQ ; H %	A4DJBEA $ = P A ¦ ¨e� $ = U<? D = P H U<B P BEGXA_?ZQ � AaBEDkH�AoN�=<GTKdA H C$GT=HCl= P $ =

��S�T�E��VU��", + J # y + J+  ¼XW J + J ¼LY  M �.9�: ¾ 9 ;
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***********************************************************************
*
*                      QUANTUM HARMONIC OSCILlATOR 
*                      MONTE CARLO SIMULATION CODE

5 *                         by A. Taurines, 09/2003
*
*                       based on proposed problem in 
*                  G. P. Lepage’s ‘‘Lattice QCD for novices’’
*

10 ***********************************************************************
*       This package is free software and you can use this under:
*        "the GNU General Public Lisense" published by the FSF.
***********************************************************************
      implicit none

15       integer n,ncor,ncf,nn,nalpha,idum,nbin,
     #   ncf2,nbtcp,j,k
      real a,eps,avg,g(1:2000,0:50),boot(1:2000,0:50)
      real gaux(1:2000,0:50),bin(1:2000,0:50)
      real del(1:2000,0:50),del2(1:2000,0:50)

20       real ratio,sig,savg,savg2,den      
      common / data/ n,a
      common /data2/ idum,eps
      common /data3/ ncf
      external compute,uniform,actionj

25       n = 20                       !# of time slices, n<50
      ncor = 40                    !# of decorrelation steps, \propto 1/a^2
      ncf = 2000                   !# of configurations, ncf<2000
      nbin = 20                    !bin spacing, must be a divisor of ncf
      nbtcp = 100                  !# of bootstrap copies

30       eps = 1.4                    !maximum step for update  
      a = .5                       !lattice spacing
      ncf2 = ncf/nbin

ccc   obtain new SEED for ran2.f
35       open(21,file=’ SEED’)         

      read(21,*) idum
      rewind 21
      idum = − abs(idum)

40 ccc   Monte Carlo: gives back NCF evaluations of
ccc   the propagator for each one of the N time slices  
      call mc(n,ncor,ncf,a,eps,g)

45 ccc   Bootstrap and Binning Error Analysis
      do nn=0,n−1 !each nn corresponds to a different time slice

ccc   bin the data 
         do nalpha=1,ncf          

50             call bin_rout(g,bin,nn,nbin,ncf)
         enddo
              
ccc   generates nbtcp bootstrap copies for G(t) 
ccc   from the ncf2 binned samples

55          do j=1,nbtcp
           avg = 0.
           call bootstrap(bin,boot,nn,ncf2)
           do k=1,ncf2
              avg = avg+ boot(k,nn)

60            enddo
           gaux(j,nn) = avg/ float(ncf2)
         enddo

      enddo
65

ccc   Evaluations of \DeltaE(t)
      do j=1,nbtcp
        do nn=0,n/2−6  ! safe range for non−negative ratio
          ratio = (gaux(j,nn)/gaux(j,nn+1))

70           del(j,nn) = log(ratio)/a
        enddo

      enddo

ccc   Mean values and errors of G(t) 
75       savg=0.

      savg2=0.
      do nn=0,n−1
         call dvt(gaux,nn,savg,savg2,sig,nbtcp)
         write(24,*) nn*a,savg,sig   !output in file fort.24

80       enddo
      

ccc   Mean values and errors of \DeltaE(t)
      savg=0.

85       savg2=0.
      do nn=0,n/2−6
         call dvt(del,nn,savg,savg2,sig,nbtcp)
         write(25,*) nn*a,savg,sig   !output in file fort.25
      enddo

90

ccc   update SEED file for the next calculation
      write(21,*) abs(idum)
      close(21)
      end

95 CCC   END OF MAIN
CCCCCCCCCCCCCCCCCCCCCC

100

CCCCCCCCCCCCCCCCCCC
CCC   ROUTINE MC
ccc   generates propagators g through Monte Carlo Method

105 ccc   INPUT: n,ncor,ncf,a,eps
ccc   OUTPUT: g(1:2000,0:50)
      subroutine mc(n,ncor,ncf,a,eps,g)
      implicit none
      integer n,ncor,ncf,nalpha,nn 

110       real x(0:50),a,eps,avg,g(1:2000,0:50),compute,y
      integer j

ccc   initial configuration
      do j=0,n−1

115          x(j)=0.
      enddo

ccc   lattice thermalization
      do j=1,5*ncor

120          call update(x)
      enddo

ccc   generates NCF configurations
      do nalpha=1,ncf

125

ccc   jump NCOR updates
         do j=1,ncor
            call update(x)
         enddo

130

ccc   evaluates g
         do nn=0,n−1
            g(nalpha,nn)=compute(x,nn)
         enddo

135

      enddo  
      return
      end
CCC   END OF ROUTINE MC

140 CCCCCCCCCCCCCCCCCCCCCCC
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CCCCCCCCCCCCCCCCCCCCCCC
CCC   ROUTINE UPDATE

145 ccc   update the n values of x
ccc   INPUT: x(*)
ccc   OUTPUT: x(*)
      subroutine update(x)
      implicit none

150       real x(*),old_x,old_sj,actionj,uniform,a,
     #  eps,ds,eaux,ale
      integer n,j,idum,i
      common / data/ n,a
      common /data2/ idum,eps

155       external actionj,uniform
      i=0 !counter for # of accepted updates

ccc   sweep the lattice
      do j=0,n−1

160

ccc   evaluates present action
        old_x = x(j)
        old_sj = actionj(j,x)

165 ccc   trial value for x(j)
        x(j) = x(j) + uniform(−eps,eps)

ccc   evaluates \DeltaS
        ds=actionj(j,x)−old_sj

170

ccc   Metropolis steps
        if(ds .gt.0.) then
           eaux= exp(−ds)
           ale = uniform(0.,1.)

175            if(eaux .lt.ale) then
              x(j)=old_x
              i = i+1
           endif 
        endif

180       enddo

ccc   n−i = # of updatings

      return
185       end

CCC   END OF ROUTINE UPDATE
CCCCCCCCCCCCCCCCCCCCCCCCCCC

190 CCCCCCCCCCCCCCCCCCCCCC
CCC   FUNCTION ACTIONJ
ccc   evaluates change in action due to change in x(j)
ccc   INPUT: x(*),j
ccc   OUTPUT: actionj

195       function actionj(j,x)
      implicit none
      real x(*),actionj,a
      integer j,jp,jm,n
      common / data/ n,a

200       jp = mod(j+1,n)
      jm = mod(j−1,n)
      actionj = a*x(j)**2/2.+x(j)*(x(j)−x(jp)−x(jm))/a
      return
      end

205 CCC   END OF FUNCTION ACTIONJ
CCCCCCCCCCCCCCCCCCCCCCCCCCCCC

CCCCCCCCCCCCCCCCCCCCCC
210 CCC   FUNCTION COMPUTE

ccc   evaluates propagator for the nn time slice
ccc   INPUT: x(*),nn
ccc   OUTPUT: compute

      function compute(x,nn)
215       implicit none

      real compute,aux,a
      integer nn,j,k,n
      common / data/ n,a
      real x(*)

220

ccc   using periodicity properties of propagator
ccc   e.g., g(5,3)=g(4,2)=g(3,1)=g(2,0) ...
      aux = 0.
      do j=0,n−1

225          k = mod(j+nn,n)
         aux = aux + x(j)*x(k)
      enddo
      compute = aux/ float(n)
      return

230       end
CCC   END OF FUNCTION COMPUTE
CCCCCCCCCCCCCCCCCCCCCCCCCCCCC

CCCCCCCCCCCCCCCCCCCCCCC
235 CCC   ROUTINE BIN_ROUT

ccc   bin the data
ccc   INPUT: g(1:2000,0:50),nn,nbin,ncf
ccc   OUTPUT: bin(1:2000,0:50)
      subroutine bin_rout(g,bin,nn,nbin,ncf)

240       implicit none
      integer ncf,nbin,nn,nalpha,j,i
      real g(1:2000,0:50),bin(1:2000,0:50)
      real aux
      i = 0

245       do nalpha=1,ncf,nbin
       i=i+1
       aux = 0.
       do j=1,nbin
         aux = aux + g(nalpha+j,nn)

250        enddo
       bin(i,nn) = aux/ float(nbin)
      enddo
      return
      end

255 CCC   END OF FUNCTION BIN_ROUT
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

CCCCCCCCCCCCCCCCCCCCCCC
260 CCC   ROUTINE BOOTSTRAP

ccc   generates bootstrap copies
ccc   INPUT: bin(1:2000,0:50)
ccc   OUTPUT: boot(1:2000,0:50)
      subroutine bootstrap(bin,boot,nn,ncf2)

265       implicit none
      integer nalpha,nbeta,nn,ncf2
      real bin(1:2000,0:50),boot(1:2000,0:50)
      real uniform
      do nalpha=1,ncf2

270          nbeta= int(uniform(1., float(ncf2)))
         boot(nalpha,nn)=bin(nbeta,nn)
      enddo
      return
      end

275 CCC   END OF ROUTINE BOOTSTRAP
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

280 CCCCCCCCCCCCCCCCCCCCCCC
CCC   ROUTINE DVT
ccc   routine for standard deviation evaluation
ccc   INPUT: del(1:2000,0:50),nn,ncf
ccc   OUTPUT: savg,savg2,sig
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285       subroutine dvt(del,nn,savg,savg2,sig,ncf)

      implicit none
      integer nn,j,ncf
      real del(1:2000,0:50),sig,savg,savg2
      savg=0.

290       savg2=0.
      do j=1,ncf
         savg=savg+del(j,nn)
         savg2=savg2+del(j,nn)**2
      enddo

295       savg=savg/ float(ncf)
      savg2=savg2/ float(ncf)
      sig = (savg2−savg**2) 
      sig = sqrt(sig)
      return

300       end
CCC   END OF ROUTINE DVT
CCCCCCCCCCCCCCCCCCCCCCCC

305

CCCCCCCCCCCCCCCCCCCCCC
CCC   FUNCTION UNIFORM
ccc   returns uniform random value between e_min and e_max
ccc   INPUT: e_min,e_max

310 ccc   OUTPUT: uniform
      function uniform(e_min,e_max)
      implicit none
      real uniform,ran2,e_min,e_max,eps,ale
      integer idum

315       common /data2/ idum,eps
      ale = ran2(idum)
      uniform = (e_max−e_min)*ale+e_min
      return
      end

320 CCC   END OF UNIFORM
CCCCCCCCCCCCCCCCCCCC

ccc   Standard random number generator (Numerical Recipes)
325       include ’ ran2.f’   
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